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Abstract—The dynamic system is controlled by various ap-
proaches by means of the equation of motion which approxi-
mates its motion characteristics with a linear function. There
is however much noise in the real control environment. So, we
often encounter the situation in which we cannot completely ap-
proximate such non-linear states in a target system with a linear
function. In recent years, the particle ﬁlter is often used for the
prediction of non-linear states of a system and for controlling
the system. In this paper, we propose a method which predicts
not directly observable control variable through sharing the
likelihood of an observable variable by means of multiple sets
of particle ﬁlters. We employ an inverted pendulum as the target
system to be controlled; examine the ability of our proposed
method from views of stability and robustness; and show the
method has both strong characteristics.
Index Terms—particle ﬁlters, inverted pendulum, likelihood
sharing
I. INTRODUCTION
T
HE system is controlled by various approaches using the
equation of motion. There is however much noise in the
real control environment. So, we often encounter the cases
where we may not be able to completely approximate such
non-linear states with an equation of motion. The particle
ﬁlter is a method to estimate the states of a system by means
of a probabilistic distribution, and recently it has been widely
used in system control [1], [2], [3]. The inverted pendulum
includes non-linear states to control itself and the control
mechanism itself is simple, so it is often used to testify
various proposed methods to control a system including non-
linear characteristics in itself [1], [4], [5]. In this study,
we aim to propose a control method using particle ﬁlters
to estimate not directly observable states of a system and
control the system. As a target system to be controlled in
this paper, we employ an inverted pendulum and estimate
the force given to the cart of the pendulum, which cannot
be directly observed, through an observable variable — here,
the angle of pendulum from its standing position. Moreover,
we show our proposed method has strong robustness for the
disturbances in the control environment.
II. RELATED STUDIES
In general, in order to control a non-linear system, the
method using non-linear feedback or linear approximation
based on the ﬁrst approximation of Taylor developing is
widely used, however, there are cases where some systems
cannot be controlled because of their strong non-linearity. To
overcome the problem with non-linearity, Yamada et al. [6]
proposed a method to combine the non-linear feedback and
coordination transformation, they were successful in making
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an inverted pendulum stand upright from the vertical below
position on a simulator. Furthermore, Inoue et al. [4], [5]
employed fuzzy rules which controls an inverted pendulum,
automatically generated by a genetic algorithm, taking ac-
count of the symmetrical movement of an inverted pendulum.
However, as for the control of an inverted pendulum which
requires more non-linear control in the real environments
where many disturbances exist, since the former study pro-
poses a linearization method, so the strict stability is not
guaranteed by the study. Moreover, the latter study needs
to design new fuzzy rules to respond to disturbances. So,
in general, if the target system to be controlled contains
disturbances in its characteristics, we had better introduce
non-linear control to the system. In this context, Kashimura
et al. [7] have introduced particle ﬁlter into the framework
for reinforcement learning to select a relevant policy based
on representing experience on action with probabilistic dis-
tribution. Although introducing particle ﬁlter into non-linear
control is related to our approach, in the case of the control in
a real environment, to build a probabilistic distribution with
particle ﬁlter for each estimated state and provide reward to
the states might become a big problem in terms of processing
cost. Sun et al. [2] constructed a controller for an inverted
pendulum with a neural network and employed particle ﬁlter
to estimate its parameters. Furthermore, they have compared
the control effect between Kalman ﬁlter and particle ﬁlter
and then shown that particle ﬁlter improves markedly than
Kalman ﬁlter both on speed and precision. Stahl et al. [3]
proposed a method to control an inverted pendulum by
introducing two nest particle ﬁlters, introducing the idea of
model predictive control into stochastic nonlinear systems.
In this study, we introduce multiple sets of particle ﬁl-
ters for estimating an unobservable controlled variable of
a system from an observable variable through sharing the
likelihood of the particles representing those non-linear states
of the system, and then propose a method of a robust control
against disturbances existing in the environment. Moreover,
through simulation experiments we compare the abilities
between the control which approximates the continuous
space with a linear equation of motion and the control we
propose.
III. PARTICLE FILTER
The particle ﬁlter is a time-series ﬁlter which does not have
any constraint on the shape of probabilistic mass function
to estimate the states of a system, it can therefore estimate
the states of a non-linear system. Particle ﬁlters estimate an
unobservable state xt with an observable state yt. Both states
xt and yt are obtained from the following state space model
consisting of the system model (1) and the observation model
(2).
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yt = Htxt + wt (2)
In (1) and (2), vt and wt indicate system noise and observed
noise, respectively. FtɼGtɼHt indicate coefﬁcient matrices
corresponding to each variable. The state xt is represented
with a set of K weighted particles, Xt = f(x
(k)
t ,π
(k)
t )g
K
k=1,
where πt
(k) indicates the weight of each particle.
The general algorithm of particle ﬁlter is shown as follows:
step 1.Initial setting:
K states of xt 1 are randomly generated. These
states are regarded as the initial particles.
step 2.Prediction:
Following equation (1), xt is estimated and pre-
dicted particles are generated through the process
of Ftxt 1 + Gtvt ! xt.
step 3.Likelihood estimation:
By comparing xt with yt, the weight of each
particle πt is calculated under the condition of ∑K
k=1 π
(k)
t = 1.
step 4.Resampling:
K particles of xt are selected with the probability
in proportion to πt.
step 5.Update:
Repeat step 2 to step 4, t!t + 1.
Fig. 1. Process of particle ﬁlters
As shown in Figure 1, a series of process: prediction,
likelihood estimation, resampling, and update are repeated.
By this, the state yt is tracked by multiple particles Xt.
IV. LIKELIHOOD SHARING FOR STATE ESTIMATION
In the control of an inverted pendulum, we assume that
there is dependency between the deﬂection of pendulum and
the other control variables corresponding to the deﬂection,
for example, the force necessary given to the cart of the
pendulum to make an inverted pendulum stand upright. The
force is not observed directly but can be estimated by an
observable state, i.e., the angle of the pendulum from its
upright position. In general, particle ﬁlters can only track
observable states, whereas our proposed method can estimate
unobservable states by employing the architecture of sharing
likelihood through multiple sets of particle ﬁlters.
In this study, we employ two sets of particle ﬁlters as ex-
pressed in Xt = f^ x
(k)
t , ^ z
(k)
t ,π
(k)
t g
K
k=1, then an unobservable
state z is estimated from an observable state x, in the case
that there is dependency between x and z.
The algorithm of the proposed method is shown as follows:
step 1 Initial setting:
K ^ xt 1 and ^ zt 1 states are randomly generated.
step 2 Prediction:
Following equation (1), noise is provided to both
^ xt 1 and ^ zt 1.
step 3 Sorting:
The states ^ xt and ^ zt are sorted in ascending order,
respectively.
step 4 Observation of states:
The state of x is observed and the state of z cannot
be observed.
step 5 Likelihood estimation:
The weight π
(k)
t = p(xtj^ x
(k)
t )(1kK) is com-
puted.
step 6 Likelihood sharing:
The same likelihood π of ^ x is provided to ^ z,
corresponding to the index of the result of sorting
in step 3.
step 7 Resampling:
K particles of ^ xt and ^ zt are extracted with the
probability in proportion to πt.
step 8 Update:
Repeat step 2 to step 4, t!t + 1.
Fig. 2. Two sets of particle ﬁlters sharing the same likelihood
In step 1 and step 2, the same process of normal particle
ﬁlters is performed. In step 3, the particles of ^ x and ^ z
are sorted in ascending order, since they were randomly
generated at step 1. Here, by sorting the particles, πt will be
able to be shared as the weight of ^ z in relation to the index
of ^ x at step 6. As for both ^ x and ^ z, the processes after step
7 are the same as those of the normal particle ﬁlter. Like
this, by sharing likelihood using two sets of particle ﬁlters,
the unobservable state of z will be able to estimate from the
observable state of x.
V. EXPERIMENT: STABILIZING CONTROL OF AN
INVERTED PENDULUM
We conduct experiments with an inverted pendulum to
conﬁrm the control ability of our proposed method by
comparing the control method using the equation of motion.
A. Experimental settings
In the experiments, we have modeled the ﬁgure of an
inverted pendulum (see,Figure 3) and the equations of motion
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of the upper and lower parts, i.e., pendulum and cart. Here,
the length and the mass of the pendulum are l = 0.5(m)
and m = 0.3(kg). The mass of cart is mc = 3.0(kg),
respectively. The angle of pendulum from the upright po-
sition is ϕ(rad), and angular acceleration is  ϕ(rad/s2).
Moving distance, speed and acceleration of the cart are p(m),
_ p(m/s),  p(m/s2), respectively. The acceleration of gravity
g is 9.8(m/s2). We use a physics engine called PhysX
[8]. PhysX can perform on-line calculation of the physical
characteristics of an object and illustrates the state of the
object simultaneously. We use it to simulate the physical
characteristics of a pendulum represented with the equation
of motion and with our proposed model.
Fig. 3. Overview of the inverted pendulum
Figure 4 illustrates an example of simulation environment.
The white and small objects scattered under the cart are
disturbances to the cart.
Fig. 4. Simulation environment on PhysX (with disturbances)
The speciﬁcation of the computer we have used for sim-
ulation is shown in Table I.
TABLE I
THE SPECIFICATION OF PC USED IN THE EXPERIMENTS
Item Speciﬁcation
CPU Intel Core2 Duo P8800 (2.66GHz 2.67GHz)
RAM 4GByte
Graphics Mobile Intel 4 Series Express Chipset
B. Equation of motion for an inverted pendulum
If the goal of controlling an inverted pendulum is to
make it stand upright, it is reported that we can regard an
inverted pendulum as symmetrical system around the upright
position [4]. In this study, we also use this characteristics
to achieve stabilizing the pendulum in the condition of
standing upright. Considering such motion characteristics of
a pendulum around the upright position, we think that the
control needs less calculation rather than the other cases.
C. Control with the equation of motion
The equation of motion of an inverted pendulum is ex-
pressed with the following equation deﬁned in [3].
 ϕ =
gsinϕ + cosϕ
 f mlϕ
2sinϕ
mc+m
l(4
3  
mcos2 ϕ
mc+m )
(3)
 p =
f + ml(ϕ2sinϕ    ϕcosϕ)
mc + m
(4)
Here, we approximate the motion of the inverted pendulum
around the upright position, i.e., (ϕ = 0,2π, _ ϕ = 0), with
the following equation.
f1(ϕ) =  0.806314ϕ2 + 5.06622ϕ (5)
The equation of f1 is approximated with the quadratic
equation of ϕ as expressed in (5) deﬁned in [3]. Therefore,
we set ϕ as the control target and regard it as the controlled
variable given to the cart by transforming ϕ to f through
equation (5). Moreover, we control the pendulum around ϕ =
0 with equation (5) under the following 4 conditions of the
position and the angular acceleration of the pendulum.
f(ϕ) =

  
  
 f1(ϕ) if (p > 0, _ ϕ > 0)
f1( ϕ) if (p > 0, _ ϕ < 0)
f1(ϕ) if (p  0, _ ϕ > 0)
 f1( ϕ) if (p  0, _ ϕ < 0)
(6)
D. State estimation by sharing likelihood
Even though the inverted pendulum is effected by dis-
turbances, the controlled variable f depends on ϕ, i.e., the
angle from upright position. In this study, we prepare 500
particles to estimate the angle ϕ and the force f provided
to the cart — two sets of particle ﬁlters are expressed as
Xt = f^ ϕ
(k)
t , ^ f
(k)
t ,π
(k)
t g
K
k=1. f is usually obtained from given
ϕ through the equation (5), however, by using proposed
method, the unobservable variable ^ f is estimated by the
observable variable ϕ.
For estimation, the range of the initial values of ^ ϕ and ^ f
are set as follows:
0.0  f^ ϕ
(k)
0 gK
k=1  0.5 (7)
0.0  f ^ f
(k)
0 gK
k=1  10.0 (8)
The estimated ^ f is output by following the relation ^ f /
f. As mentioned in V-B, the control variable ^ f is divided
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direction of deﬂection of the inverted pendulum.
f =
{
r ^ f if (p < 0.0)
 r ^ f if (p  0.0)
(9)
The initial values of ^ ϕ and ^ f mentioned above are empir-
ically decided, and also we have set the range of those as
follows: 0.0  ^ ϕ0  0.5, 0.0  ^ f0  10.0, r = 5.0.
Moreover, in order to decide the number of particles to
estimate the angle ϕ and the force f given to the cart of
the pendulum, we compared the cases where the number of
particles is 50, 100, and 500. Figure 5 shows the average of 5
trials of the error between estimate angle ^ ϕ and the real angle
ϕ – the horizontal axis indicates time steps and the vertical
axis indicates error from the real angle. As a result, we
conﬁrmed that the accuracy gets increased as the number of
particles increased. Based on this result, in this experiment,
we use 500 particles taking account of the graphic speed of
the physical engine, PhysX.
Fig. 5. Relation between number of particles and error from the real value
E. Experimental results and discussions
Control with the equation of motion: Figure 6 and Figure
7 show the results of the cases where there is not any
disturbance in the environment. Figure 8 and Figure 9 show
the results of the cases where there is disturbance in the
environment. Moreover, Figure 6 and Figure 8 show the
absolute value of the angle of the inverted pendulum ϕ
when the equation of its motion is approximately expressed
with a linear function. Figure 7 and Figure 9 show the
position of the center of gravity of the inverted pendulum
from a viewpoint of the fulcrum of the pendulum. We see
from Figures 8 and 9 that the controller which had been
able to control the pendulum with the equation of motion
became unable to control in the environment with lots of
disturbances.
In the case that disturbances were provided in the environ-
ment, at the initial stage of controlling the pendulum, it could
be controlled, but the control error given by the disturbances
had been getting accumulated as time passed, and ﬁnally the
pendulum had become unable to be controlled and was fallen
down (see, Figures 8 and 9).
Fig. 6. Angle ϕ (without disturbances)
Fig. 7. Position of the inverted pendulum (without disturbances)
Fig. 8. Angle ϕ (with disturbances)
Fig. 9. Position of the inverted pendulum (with disturbances)
Control by sharing likelihood to estimate states: In Figure
10, the thick line indicates the actual observed value of ϕ and
the thin line indicates the estimated value of ϕ tracked by
particle ﬁlter. From Figure 10, we see that the estimation of
ϕ with particle ﬁlter is almost correct. However, in the case
that the amplitude of the inverted pendulum is extremely
small, that is, almost 0, we see that the estimation is not so
correct. Therefore, there is still space to consider improving
the accuracy of the estimation with particle ﬁlter.
From Figure 11, we see that the pendulum leaned largely
at the point where the pendulum faced the disturbances and
ﬁnally it become stable after swinging right and left and
passing the disturbances. Figure 12 shows the absolute value
of ^ f obtained by sharing the likelihood with ^ ϕ. By this, it is
shown that the value which is not directly observed can be
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Fig. 10. Angle ϕ (with disturbances)
Fig. 11. Position of the inverted pendulum (with disturbances)
Fig. 12. Estimated force ^ f (with disturbances)
VI. EXPERIMENT 2: ROBUSTNESS FOR DISTURBANCES
To verify the robustness of our proposed control method,
we conducted two additional experiments under different
experimental settings. In the experiment 2, we use the same
experimental settings in the experiment 1 except the settings
of disturbances in the simulation environment. As Figure 13
and Figure 14 show, we have set the environment where
there are more disturbances than those in the experiment
1. Furthermore, as well as the case expressed in Figure
13, in Figure 14 we increased the number of disturbances
and enlarged each side of disturbances from 5.0(mm) to
10.0(mm).
A. Experimental results and discussions
The results of two additional experiments are shown from
Figure 15 to Figure 20. Figures 15, 16, 17 show the result of
ϕ and ^ ϕ, p, and ^ f, respectively, in the case where the number
of disturbances increased as shown in Figure 13. The inverted
pendulum could be controlled as it stood upright as well as
the experiment 1 where there were 22 disturbances in the
environment. Next, Figures 18, 19, 20 show the result of ϕ
and ^ ϕ, p, and ^ f, respectively, in the case where the number
Fig. 13. More disturbances whose side is 5.0(mm)
Fig. 14. More disturbances whose side is 10.0(mm)
and the size of disturbances are changed as shown in Figure
14. From those Figures, we see that at ﬁrst the pendulum was
widely swinging when hitting the disturbances but ﬁnally
became stable and stood upright. Besides, we conducted
another experiment with the settings for disturbances in
which they exceed 10.0(mm) on a side, but could not control
as the pendulum stood up.
VII. CONCLUSIONS
In controlling a system, we have proposed a method
to employ multiple sets of particle ﬁlter to estimate the
states of the system, which cannot be directly observed, by
sharing the likelihood of particles. The equation of motion
for an inverted pendulum is generally made based on its
motion characteristics around the standing position, which is
because the motion characteristics are approximately repre-
sented in a linear function. This makes the pendulum stably
controlled only around the standing position, but does not
guarantee for stable control against disturbances existing in
the environment. Whereas, our proposed method has more
robustness to the control based on the linear function. We
have experimented on the usefulness of our method with
a simulator in terms of being able to estimate a directly
unobservable control variable and robustness to disturbances
existing in an environment.
Proceedings of the World Congress on Engineering and Computer Science 2013 Vol I 
WCECS 2013, 23-25 October, 2013, San Francisco, USA
ISBN: 978-988-19252-3-7 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)
WCECS 2013Fig. 15. Angle ϕ and ^ ϕ (More disturbances whose side is 5.0(mm))
Fig. 16. Position of pendulum (More disturbances whose side is 5.0(mm))
Fig. 17. Force ^ f to the cart (More disturbances whose side is 5.0(mm))
In the experiment 1, we have conﬁrmed that our method
can estimate not directly observable states of a target by
sharing the likelihood of the observable states of the target.
By this, the control without the equation of motion can be
achieved by our method.
In the experiment 2, we conducted an experiment of
controlling an inverted pendulum in the environment where
more disturbances exist rather than the environment in the
experiment 1, and then have shown the robustness of our
proposed method for controlling the pendulum.
As future work, we will explore the stability of control
and improve the accuracy of estimation with particle ﬁlters.
Fig. 18. Angle ϕ and ^ ϕ (More disturbances whose side is 10.0(mm))
Fig. 19. Position of pendulum (More disturbances whose side is
10.0(mm))
Fig. 20. Force ^ f to the cart (More disturbances whose side is 10.0(mm))
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